In this paper, in order to achieve low differential mode group delay (DMGD) over the C+L band, we propose the hole-assisted graded-index few mode fiber (FMF) design supporting four nondegenerated linear polarized (LP) modes for a mode division multiplexing system. In order to determine the fiber core parameters, an optimization has been made between the enlargement of the effective area (A eff ) and the reduction of macrobending loss (MBL). The A eff about 107 μm 2 for LP 01 mode at the wavelength of 1550 nm and the MBL lower than 0.005 dB/100 turns for LP 02 mode at the curvature radius of 30 mm and at the wavelength of 1550 nm are achieved simultaneously. The numerical simulation results prove that the hole-assisted structure can greatly reduce the absolute value of DMGD of the FMF. Particularly, the maximum DMGD less than |35| ps/km within the spectrum range from 1530 to 1630 nm is achieved. A tolerance analysis against manufacturing errors has been discussed, and we further propose a self-managed low DMGD transmission line solution with the controllable air-hole size.
Introduction
The current transmission system based on the traditional single-mode fibers (SMFs) is rapidly reaching its ultimate capacity because of the nonlinear Shannon limit [1] . The few-mode fibers (FMFs) have relatively large effective areas (A eff ) compared with SMFs, which may reduce the intramode nonlinear effect. Besides, each propagating mode of the FMFs can be used as an independent channel to transfer information [2] . Therefore, mode division multiplexing (MDM) transmission using FMFs has been regarded as a new generation optical communication system to increase the transmission capacity further [3] - [5] .
However, due to the inevitable mode coupling among all the propagating modes along the fiber link, MDM system has to utilize the multiple-input multiple-output (MIMO) technique at the receiver to retrieve the transmitted signals over each mode [6] , [7] . The complexity of MIMO processing increases with the differential mode group delay (DMGD), which will aggravate the burden of DSP and power consumption. Hence, the reduction of DMGD in the FMFs is of great significance for the MDM system.
To decrease the DMGD, two different methods have been proposed. One is using DMGD managed transmission line technique [8] , [9] , like dispersion managed fiber links, which requires two or more types of FMFs with positive and negative DMGDs to compensate for the total DMGD. In [8] , a transmission line for four linear polarized (LP) modes operation with a total DMGD of less than |50| ps/km over the C+L band has been firstly demonstrated. However, with the increasing number of the higher modes, more FMFs with different DMGDs will be required, imposing difficulties in the field deployment.
The other is designing the inherently low DMGD FMFs (ILD-FMFs). Generally, the ILD-FMFs are realized by using the graded-index (GI) core with a cladding trench (GCCT) [10] , [11] or multistep-index (MSI) profile [11] , [12] . According to [11] , the optimum DMGD for two to 12 LP modes can be controlled lower than |3| ps/km for a GCCT profile and lower than |2.5| ps/km for a 64-step-index profile over the C band, but their stringent tolerances to the manufacturing deviations greatly limit their wide applications. The formation of a 64-step-index profile is very complicated, thus the index precision is hard to be guaranteed. In [13] , an FMF with both low MBL and low DMGD less than 36 ps/km over the C band is shown, but it only supported two-mode operation. A 7.0 km-long four-mode fiber with low MBL has been designed and fabricated in [8] , but the DMGD is larger which is about 135 ps/km over the C+L band.
In this paper, we propose a novel FMF design supporting four non-degenerated LP-mode (LP 01 , LP 11 , LP 21 , LP 02 ) propagation with ultra-low DMGD and low MBL, by introducing a ring of hexagonal arranged air holes around the GI fiber core instead of using the trench structure mentioned in [10] , [11] . We know that the doping concentration of the trench is no less than −0.7% constrained by the fluorine-doping process, but for the air holes, the freedom of effective refractive index tailoring can be much enhanced for the fiber design. Therefore we can conveniently manipulate the DMGD with a larger scale. Specifically, both the size and position of air-hole can be flexibly adjusted to achieve an optimized DMGD across wider bandwidth. Though the air-hole structure has been used to suppress the bending loss and the inter-core crosstalk for multicore fiber (MCF) [14] , to the best of our knowledge, it is the first time in this paper to be applied to minimize the DMGD in FMFs. Numerical simulations showed that by optimizing the air-hole size and position, the |DMGD| can be suppressed to be less than 35 ps/km within the whole C+L band from 1530 nm to 1630 nm. Furthermore, we also considered the balance between the effective area A eff and the MBL and made an optimization between them to determine the fiber core parameters. A relatively large A eff of 107 μm 2 for LP 01 mode at λ = 1550 nm and a low MBL of 0.005 dB/100 turns for LP 02 mode at R c = 30 mm and λ = 1550 nm can be achieved.
The rest of the paper is organized as follows. In Section 2, the fiber profile and design principle were presented. Then, in Section 3, according to the requirement of A eff and MBL of the FMFs, we optimize an appropriate set of parameters for the fiber without an air-hole structure. Then, we thoroughly investigate the impact of air-hole on the DMGD and optimized the parameter of air-hole. In Section 4, tolerance of the fabrication margins for the optimum designs is discussed. Finally, conclusions of the paper are given in Section 5.
Schematic Topology and Design Principle
The schematic cross section of the proposed hole-assisted four-LP-mode fiber is shown in Fig. 1(a) . The small dark grey circle represents the fiber core, while the six smaller white circles around the fiber core represent air-hole structure. The air holes are symmetrically arranged in a hexagonal layout in the silica cladding region to ensure each part of the fiber is under the same pressure during the manufacturing process. In Fig. 1(a) , r 2 is the air-hole's radius, and w is the width between the edge of fiber core and the edge of air-hole. They are also referred to air-hole's size and air-hole's position, respectively, primarily used for adjusting the DMGD of the fiber. The core pitch represents the distance between the center of the fiber core and that of the air-hole.
The core index profile is presented in Fig. 1 (b), and the GI profile is given by
where n co and n cl are the indices of the core and the cladding, respectively. is the maximum relative index difference between the core and the cladding, which is defined as (n co − n cl )/n co · r 1 is the core radius, r is the distance from the center of the core, and α is the profile exponent coefficient. In our work, core-related parameters are responsible for controlling the number of the guiding modes in the FMF.
In this paper, two design steps are conducted to fulfil the requirements of our proposed fiber. Firstly, without considering the DMGD, we design a general GI fiber without air-hole structure supporting four-mode propagation. To simultaneously achieve larger A eff and small MBL, we make an optimization between them and finally determine the appropriate parameters for the fiber core. Secondly, we add the air-hole structure around the fiber core to investigate the impact of the airholes' size and position on the DMGD and then find out the optimum value of air-holes to achieve the low DMGD. The fiber index profile was optimized and determined by the finite element method based mode solver, and the optical properties related to the index profile are numerically calculated by using MATLAB.
Fiber Design and Simulation Results
In this section, the optimum parameters of the proposed fiber core index profile (r 1 , ), the air-hole's size and position (r 2 ,w ) are presented.
Fiber Core Design
In this sub-section, the main work is to determine the appropriate parameters for the GI fiber core without air-hole. The parameters should guarantee four LP-mode propagation, with relatively large A eff and low MBL.
First, we need to choose the highest possible value of normalized frequency V to ensure that the fiber supports four LP-mode transmission, since it can make all the guiding modes more robust [15] . Without loss of generality, in our design we assume α to be 2. As shown in [16] , to support four-LP-mode propagation, 5.7 ≤ V ≤ 7.8 should be satisfied. In our analysis, the V value is set as 7.8. Once V is fixed, (r 1 , n co ) pairs can be derived from the V formula
Since the λ and n cl are constant, decrease of n co means an increase in the core radius r 1 , which is beneficial to the enlargement of A eff for all the guided modes, but it also leads to the increase of MBL, which is detrimental to the modes' robustness. Thus we need to make a trade-off between A eff enlargement and MBL reduction. In our design, we assume the limit value of the MBL of LP 02 to be 0.5 dB/100 turns at R c = 30 mm at the wavelength of 1625 nm, according to the description of MBL of fundamental mode in ITU-T recommendations G.655 and G.656 [12] . The reason we take the MBL of the LP 02 mode as a reference in the design is because LP 02 is the mode that shows higher MBL. Here, our goal is to find the optimum values of (r 1 , n co ) which ensure a larger A eff of LP 01 mode while satisfying the requirement of MBL at the same time. For the case without air-hole structure and r 1 = 12 μm, the A eff of LP 01 mode at the wavelength of 1550 nm is about 117.7 μm 2 , and the MBL of LP 02 mode of 21.6 dB/100 turns at R c = 30 mm at the wavelength of 1625 nm. We know that the air-hole structure has the similar effect as the trench structure, which can help to reduce the MBL. Therefore, a preliminary calculation on the MBL of an air-hole assisted profile was performed, based on the situation that the air-hole's radius r 2 is set to 4 μm and the width between the edge of fiber core and the edge of air-hole w is fixed to 1 μm. With the blue dot-dash line in Fig. 2 , we can find that even adding an air-hole structure around the fiber core, the MBL of LP 02 mode still approaches to 1 dB/100 turns. While for the situation r 1 = 11.5 μm, the MBL can be reduced from several dB/100 turns to about 0.1 dB/100 turns after adding the air-holes structure around the fiber core. Thus, the parameters r 1 = 11.5 μm and its corresponding = 0.65% are selected as the appropriate values for the fiber core.
DMGD Performance for the Fiber Without Air-Hole
The appropriate values of the parameters r 1 and for the grade-index fiber core have been found in above part, and the relatively large A eff and low BL have been achieved. Here, we will study the DMGD performance of the fiber without air-hole structure. The values of DMGD relative to the LP01 mode are calculated by the following formula [16] :
where c is the speed of light in vacuum, n eff is the effective index, and λ is free space wavelength. The calculated result of DMGD is displayed in Fig. 3 . From the Fig. 3 we can find that, the DMGD of LP 11 , LP 21 , LP 02 modes are all negative in the whole C+L band and far away from zero. The maximum absolute value of DMGD (|DMGD|) for the three higher-order modes are 222 ps/km, 1395 ps/km and 2364 ps/km, respectively. What's more, the absolute value of DMGD slope can be as high as 8.8 ps/km/nm, which has a detrimental influence on the system with dense wavelength division multiplexing. Thus, the |DMGD| of the three higher order modes needs to be reduced.
The Impact of the Air-Hole on DMGD
In this part, the fiber core parameters α, r 1 , are fixed to be 2, 11.5 μm, 0.65%, respectively. We will introduce the air-hole structure around the fiber core to study the impact of air-holes on the DMGD, then find out the optimum air-hole radius r 2 and air-hole position w . Fig. 4 shows DMGD at λ = 1580 nm as a function of w for the three higher-order modes (LP 11 , LP 21 , LP 02 ) of the fiber under different r 2 of (a) r 2 = 1 μm, (b) r 2 = 2 μm, (c) r 2 = 3 μm, (d) r 2 = 4 μm, respectively. We choose λ = 1580 nm because this wavelength is the median of the spectrum range from 1530 nm to 1630 nm, whose DMGD value is more representative of the average DMGD in the whole wavelength range.
In Fig. 4(a)-(d) , we find the same phenomenon that the DMGD of all the higher-order modes decrease from positive to negative when w increases. In fact, when the value of w is large enough, its effect on the DMGD is little, where the DMGD is larger with negative value, similar to the case without air-hole structure, which has a large negative DMGD as shown in Fig. 2 . Thus, we get the conclusions that, the air-hole structure can be used to decrease the absolute value of the DMGD, and the closer the air-hole to the core, the greater influence it has on the DMGD.
There is another common result, among Fig. 4(a)-(d) , that all of them have a triangular region formed by the intersection of the three DMGD lines. In each region, there exists an optimum w that can make the difference of DMGD among the three higher-order modes at the operation wavelength μm, respectively. It is easy to get the conclusion that the smaller the air-holes radius is, the closer the corresponding optimum air-hole position is to the fiber core, thus to guarantee sufficient impact of air-holes on the DMGD. Similar results have been found for the trench geometry in conventional trench assisted FMF profiles [10] , [11] .
What's more, there is also a big difference among them by comparing the four figures carefully. We notice that the triangular region shifts down from positive to negative when r 2 increases from 1 μm to 4 μm. In Fig. 4(a) , although the difference of the DMGD between the three higher order modes is the minimum compared with other three situations, it is not the optimum. Because its triangular region deviates from the zero axis. In order to achieve the minimum Max|DMGD| of all the guided modes, it is required not only the difference of the DMGD between all the modes is minimum but also its value is approaching to zero. Taken into account the two factors, we choose r 2 = 2 μm and w = 1.44 μm to be the optimum values of the air-holes. Fig. 5 shows the DMGD of the LP 11 , LP 21 and LP 02 mode as a function of λ when α = 2, r 1 = 11.5 μm, = 0.65%, r 2 = 2 μm and w = 1.44 μm. It can be seen that the variation range of the DMGD for the three higher-order modes is from −33.7 ps/km to 35 ps/km within the spectral range from 1530 nm to 1630 nm. The minimum Max|DMGD| for all guided modes within the spectral range from 1530 nm to 1630 nm is 35 ps/km, which proves its feasibility of C+L band operation.
Optimized Parameters and Characteristic of the Fiber
Thus far, we have found an optimal set of parameters for the proposed hole-assisted four-LP-mode fiber to achieve ultra-low DMGD. The values of fiber parameters and the main characteristics are listed in Table 1 . It can be seen that the A eff of the fundamental mode for the fiber is about 107 μm 2 , i.e., 20% larger than the standard single mode fibers, which is beneficial to suppress nonlinear effects. The Maximum |DMGD| for all the guided modes over the whole C+L band is no more than 35 ps/km with a slope of less than |0.3| ps/km/nm. Even the MBL of the highest-order LP 02 mode is no more than 0.005 dB/100 turns at R c = 30 mm at the wavelength of 1550 nm.
Manufacturing Margins
In previous sections, the optimized structural parameters for the hole-assisted four-LP-mode fiber with ultra-low DMGD have been calculated theoretically. However, considering the inevitable variations that would be introduced during the fabrication process, parameters of the manufactured fiber may deviate from the optimum values and lead to the DMGD deviations. Thus, the influence of the structural parameters' fluctuations on the DMGD should be investigated. Due to the fact that the core index profile used in this fiber design is the conventional parabolic index profile in industry, which can be easily fabricated, we only focus our tolerance analysis on the air-hole's size and position. What's more, the high precision of the air-hole's location can be guaranteed by using drilling-hole method, which means the core pitch = r 1 + r 2 + w will be a constant. Since r 1 is fixed, the variation of r 2 along the fiber length will simultaneously lead to the variation of w .
We will take the drawing process of a 50 km-fiber for example to illustrate how the fluctuations of air-hole's size affect the total DMGD. The first step is to build a model to describe the variations of air-hole's size r 2 with the fiber length during the practical manufacture process. It is known that the air-hole's size of optical fiber can be flexibly tuned by adjusting the atmospheric pressure during fabrication, and normally, the pressure can be stabilized after 1 km drawn fiber length. Therefore, the air-hole's size will reach to the optimum value in the first 1 km fiber length and then fluctuate slightly around the optimum value. The first 1 km-long fiber usually is abandoned, and therefore, it will not be considered in our analysis.
Following the fabrication data in [17] , it was shown that the relative error of air-hole's size in manufacturing is no more than 4% on average, and the maximum relative error is about 10%. Thus, we considered the same case during our tolerance investigation. Fig. 6(a) shows the variations of air-hole's size as the fiber length when the pressure reached to a relatively stable value. The air-hole's size fluctuates periodically around the optimum value of 2 μm, whose mean value, mean relative error, and the maximum relative error are 2 μm, 4%, and 10% respectively. Since the random error is subject to normal distribution, the probability for different ranges of the air-hole's size will also follow normal distribution, as shown in Fig. 6(b) . From Fig. 6(b) , we can see clearly that the probability of the positive error is equal to that of the negative error, and the probability of the large error' occurrence is very low. which are the two key characteristics of normal distribution. Then, the overall effect of the air-hole variations on the DMGD was calculated and shown in Fig. 7 . The accumulated |DMGD| for the three higher-order modes is no more than 60 ps/km in the wavelength region from 1550 nm to 1630 nm. The positive error is partly offset by the effect of negative error. Thus, we can get the conclusion that possible variations of the air-hole parameters of the proposed fiber in manufacturing will not influence the DMGD much. In other words, our proposed fiber is a robust design.
What's more, we can intentionally apply the variation of air hole's geometry along the fiber drawing process. Therefore, the DMGDs with positive and negative variations can cancel each other thus a DMGD managed transmission line can be realized using our proposed single hole-assisted FMFs. Compared with the transmission line which consists of two or more types of FMFs, the transmission line consisting of single fiber will avoid the splicing loss.
Conclusion
In this paper, we have proposed the first design of a hole-assisted GI four non-degenerated LP-mode fiber with low DMGD over the C+L band, which can be simplified into two steps. Suitable fiber core parameters were determined first by the requirements of four LP-mode propagation, with relatively large A eff and low MBL. Then, the optimum air-hole parameters were achieved to obtain the minimum |DMGD| over the C+L band. Tolerance analysis shows that possible variations of the air-hole parameters of the proposed fiber will not influence the DMGD much. Moreover, the fiber structure is likely to be utilized in the DMGD managed transmission line technique, since the sign of the DMGD is easy to tune by changing the size of air-hole during fabrication. We expect that the hole-assisted GI four-LP-mode fiber would have potential applications in MDM systems.
